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In this paper, a class of even-order half-linear functional differential equations with
damping are studied. By using the generalized Riccati transformation and the integral
averaging technique, new oscillation criteria are obtained for all solutions of the equations,
which generalize and improve some known results.
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1. Introduction
In this paper, we mainly study the oscillatory behavior of solutions for the nth order half-linear functional differential
equation with damping
d
dt

r(t)Φ(x(n−1)(t))
+ p(t)Φ(x(n−1)(t))+ q(t)Φ(x(g(t))) = 0, t ≥ t0, (1)
where n is even,Φ(s) = |s|p−2s, p is a real number and p > 1. And the following conditions are assumed to hold.
(H1) r(t) ∈ C1(I, R), I = [t0,∞), r(t) > 0, r ′(t) ≥ 0;
(H2) p(t), q(t) ∈ C(I, R), p(t) ≥ 0, q(t) > 0;
(H3) g(t) ∈ C1(I, R+), g(t) ≤ t, limt→∞ g(t) = ∞, g ′(t) > 0.
For convenience of discussion in the later context, we firstly give several definitions.
Definition 1. The function x(t) ∈ Cn−1([Tx,∞), R), Tx ≥ t0 is called a solution to Eq. (1), if r(t)Φ(x(n−1)(t)) ∈ C1([Tx,∞), R)
and x(t) satisfies Eq. (1) on an interval [Tx,∞).
Definition 2. A nontrivial solution of (1) is said to be oscillatory if it has arbitrarily large zeros; otherwise, it is called non-
oscillatory. Eq. (1) is said to be oscillatory if its all solutions are oscillatory.
It is easy to see that Eq. (1) can be transformed into a second order half-linear ODE
d
dt

r(t)Φ(x′(t))
+ c(t)Φ(x(t)) = 0, (2)
if n = 2, p(t) ≡ 0, g(t) ≡ t and let q(t) = c(t).
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If p = 2, r(t) ≡ 1, then Eq. (2) is simplified to a linear equation
x′′(t)+ c(t)x(t) = 0. (3)
Eq. (3) has many oscillation criteria. One of the most well-known criterion is Wintner’s oscillation criterion [1]. It states
that Eq. (3) is oscillatory if
lim
t→∞
1
t
∫ t
t0
∫ s
t0
c(x)dxds = ∞. (C1)
In 1978, Kamenev [2] improved the results of Wintner, and proved that if
lim sup
t→∞
1
tλ
∫ t
t0
(t − s)λc(s)ds = ∞, (C2)
where λ > 1 is a constant, Eq. (3) is oscillatory. In 1995, Li and Yeh [3] extended the criterion of Kamenev to the half-linear
equation (2), the result of which is as follows.
Theorem A. If
lim
t→∞
∫ t
t0
[r(s)]− 1p−1 ds = ∞, (C3)
and assume that there exists a constant λ > p− 1 such that
lim sup
t→∞
1
tλ
∫ t
t0
(t − s)λ−p
[
(t − s)pc(s)−

λ
p
p
r(s)
]
ds = ∞, (C4)
then Eq. (2) is oscillatory.
At present, very few people study the oscillatory behavior of even-order half-linear functional differential equationswith
damping. Consequently, in this paperwewill give the Kamenev oscillation criteria of Eq. (1) and let TheoremA be the special
cases of the results we get. For other related results, we recommend the Refs. [4–11]. Functional inequalities in this paper
hold for all sufficiently large t without special explanation.
2. Main results
The following lemma is a well-known result; see [12, Lemma 2.2.1], also see [11].
Lemma 1. Let x(t) be a positive and n-times differentiable function on an interval [T ,∞) with its n-th derivative x(n)(t) non-
positive on [T ,∞) andnot identically zero on any interval of the form [T ′,∞), T ′ ≥ T . Then there exists an integer l,0 ≤ l ≤ n−1,
with n+ l odd such that for some large T ∗ ≥ T ′,
(−1)l+jx(j) > 0 on [T ∗,∞) (j = l, l+ 1, . . . , n− 1),
x(i) > 0 on [T ∗,∞) (i = 1, 2, . . . , l− 1) when l > 1.
The next lemma is given in [13].
Lemma 2. Assume that x(t) satisfies all the conditions in Lemma 1 and x(n−1)(t)x(n)(t) ≤ 0, t ≥ tx. Then there exist constants
θ , 0 < θ < 1 and M > 0 such that
x′(θ t) ≥ Mtn−2x(n−1)(t),
for all sufficiently large t.
The next lemma is given in [14, Theorem 41].
Lemma 3. Let X and Y be non-negative real numbers. Then
Xλ − λXY λ−1 + (λ− 1)Y λ ≥ 0, λ > 1,
where the equality holds if and only if X = Y .
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Lemma 4. Let x(t) be an eventually positive solution of Eq. (1), if
lim
t→∞
∫ t
t0
[
1
r(s)
exp

−
∫ s
T
p(τ )
r(τ )
dτ
] 1
p−1
ds = ∞, (C5)
then
x(n−1)(t) > 0, x(n)(t) ≤ 0, x′(t) > 0,
for t ≥ T ≥ t0.
Proof. Since x(t) is an eventually positive solution of Eq. (1), then x(t) > 0, x(g(t)) > 0 for t ≥ T ≥ t0. From Eq. (1), we get
d
dt

r(t)Φ(x(n−1)(t))
+ p(t)Φ(x(n−1)(t)) < 0,
which implies that
d
dt
[
exp
∫ t
t0
p(s)
r(s)
ds

r(t)Φ(x(n−1)(t))
]
< 0. (4)
Hence
exp
∫ t
t0
p(s)
r(s)
ds

r(t)Φ(x(n−1)(t))
is decreasing and x(n−1)(t) is eventually positive or eventually negative. Thus we assert that
x(n−1)(t) > 0, t ≥ T . (5)
Otherwise if x(n−1)(t) < 0, t ≥ T , from (4) we obtain
exp
∫ t
t0
p(s)
r(s)
ds

r(t)
x(n−1)(t)p−2 x(n−1)(t) ≤ exp∫ T
t0
p(s)
r(s)
ds

r(T )
x(n−1)(T )p−2 x(n−1)(T )
≡ −Mp−1 exp
∫ T
t0
p(s)
r(s)
ds

,
whereM = r(T ) 1p−1 x(n−1)(T ) > 0. Then
(−x(n−1)(t))p−1 ≥ M
p−1
r(t)
exp

−
∫ t
T
p(s)
r(s)
ds

,
i.e.
x(n−1)(t) ≤ −M
[
1
r(t)
exp

−
∫ t
T
p(s)
r(s)
ds
] 1
p−1
.
Consequently,
x(n−2)(t) ≤ x(n−2)(T )−M
∫ t
T
[
1
r(s)
exp

−
∫ s
T
p(τ )
r(τ )
dτ
] 1
p−1
ds.
Let t →∞ in the above, we can get limt→∞ x(n−2)(t) = −∞. Thus x(t) is an eventually negative functionwhich contradicts
x(t) > 0. Therefore inequality (5) holds.
Form Eq. (1), we get
d
dt

r(t)Φ(x(n−1)(t))
 = (r(t)[x(n−1)(t)]p−1)′
= r ′(t)[x(n−1)(t)]p−1 + (p− 1)r(t)[x(n−1)(t)]p−2x(n)(t) ≤ 0,
from which it follows that
x(n)(t) ≤ 0, t ≥ T ≥ t0. (6)
By (6) and Lemma 1, since n is even, then l is odd, hence x′(t) > 0, for t ≥ T ≥ t0. The proof is complete. 
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Theorem 1. If the condition (C5) holds, assume that there exists a constant λ > p− 1 such that
lim sup
t→∞
1
tλ
∫ t
T
(t − s)λ−p
[
(t − s)pq(s)− (q− 1)

λ
q
p
G1−p(s)

1+ (t − s)p(s)
λr(s)
p
r(s)
]
ds = ∞, (C6)
where 1p + 1q = 1, G(s) = (p− 1)θMgn−2(s)g ′(s) and M, θ are as in Lemma 2. Then Eq. (1) is oscillatory.
Proof. Suppose that Eq. (1) has a non-oscillatory solution x(t) > 0. There is no loss of generality in assuming that
x[g(t)] > 0, x[θg(t)] > 0, t ≥ T ≥ t0 ≥ 0. By Lemma 4, we obtain x(n−1)(t) > 0, x(n)(t) ≤ 0, x′(t) > 0, for t ≥ T .
Consider the function
W (t) = r(t)Φ(x
(n−1)(t))
Φ(x(θg(t)))
= r(t)

x(n−1)(t)
x(θg(t))
p−1
, t ≥ T .
From Eq. (1) Lemmas 1 and 2, we obtain
W ′(t) = −p(t)

x(n−1)(t)
p−1 − q(t) (x(g(t)))p−1
(x(θg(t)))p−1
− (x
(n−1)(t))p−1
(x(θg(t)))p
(p− 1)θr(t)x′(θg(t))g ′(t)
≤ −q(t)− p(t)
r(t)
W (t)−

x(n−1)(t)
x(θg(t))
p
(p− 1)θMgn−2(t)g ′(t)r(t)
= −q(t)− p(t)
r(t)
W (t)− (p− 1)θMgn−2(t)g ′(t)r1−q(t)W q(t), t ≥ T , (7)
where 1p + 1q = 1. Integrating the above, we get∫ t
T
(t − s)λq(s)ds ≤ (t − T )λW (T )+ λ
∫ t
T
(t − s)λ−1

1+ (t − s)p(s)
λr(s)

W (s)ds
− (p− 1)θM
∫ t
T
(t − s)λgn−2(s)g ′(s)r1−q(s)W q(s)ds, (8)
for t ≥ T . Since p > 1, q > 1, using Lemma 3 we have
qXY q−1 − Xq ≤ (q− 1)Y q, X ≥ 0, Y ≥ 0.
Set
X = (p− 1)θMgn−2(s)g ′(s) 1q (t − s) λq r 1−qq (s)W (s),
and
Y =

λ
q
 p
q
(t − s) λ−pq (p− 1)θMgn−2(s)g ′(s)− pq2 1+ (t − s)p(s)
λr(s)
 p
q
r
1
q (s),
then for T ≤ s < t , we have
λ(t − s)λ−1

1+ (t − s)p(s)
λr(s)

W (s)− (p− 1)θMgn−2(s)g ′(s)r1−q(s)(t − s)λW q(s)
≤ (q− 1)

λ
q
p
(t − s)λ−p (p− 1)θMgn−2(s)g ′(s) 11−q 1+ (t − s)p(s)
λr(s)
p
r(s). (9)
Based on (8) and (9), we obtain∫ t
T
(t − s)λ−p
[
(t − s)pq(s)− (q− 1)

λ
q
p
G1−p(s)

1+ (t − s)p(s)
λr(s)
p
r(s)
]
ds ≤ (t − T )λW (T ).
Hence we have
lim sup
t→∞
1
tλ
∫ t
T
(t − s)λ−p
[
(t − s)pq(s)− (q− 1)

λ
q
p
G1−p(s)

1+ (t − s)p(s)
λr(s)
p
r(s)
]
ds ≤ W (T ).
which contradicts the condition (C6). The proof is complete. 
Remark 1. Obviously, Theorem A is a special case of Theorem 1.
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Theorem 2. If the condition (C5) holds and assume that there exists a function ρ(t) ∈ C1(I, R+) such that
lim sup
t→∞
∫ t
T
ρ(s)
[
q(s)− r(s)
pp
ρ ′(s)ρ(s) − p(s)r(s)
p [θMgn−2(s)g ′(s)]1−p] ds = ∞, (C7)
for T ≥ t0, where M, θ are as in Lemma 2. Then Eq. (1) is oscillatory.
Proof. Suppose that Eq. (1) has a non-oscillatory solution x(t) > 0. There is no loss of generality in assuming that
x[g(t)] > 0, x[θg(t)] > 0, t ≥ T ≥ t0 ≥ 0. By Lemma 4, we obtain x(n−1)(t) > 0, x(n)(t) ≤ 0, x′(t) > 0, for t ≥ T .
Consider the function
W (t) = ρ(t)r(t)

x(n−1)(t)
x(θg(t))
p−1
, t ≥ T . (10)
From Eq. (1) Lemmas 1 and 2, we obtain
W ′(t) ≤ −ρ(t)q(t)+

ρ ′(t)
ρ(t)
− p(t)
r(t)

W (t)− (p− 1)θMgn−2(t)g ′(t)[ρ(t)r(t)]1−qW q(t), (11)
where 1p + 1q = 1, t ≥ T . Taking advantage of Lemma 3, we have
λXY λ−1 − Xλ ≤ (λ− 1)Y λ, λ > 1, (12)
for all X ≥ 0,Y ≥ 0. Set λ = q,
X = (p− 1)θMgn−2(t)g ′(t) 1q [ρ(t)r(t)] 1−qq |W (t)| ,
and
Y =

p− 1
p
p−1 ρ ′(t)ρ(t) − p(t)r(t)
p−1 (p− 1)θMgn−2(t)g ′(t) 1−pq [ρ(t)r(t)] p−1p ,
then (12) implies the following inequalityρ ′(t)ρ(t) − p(t)r(t)
W (t)− (p− 1)θMgn−2(t)g ′(t)[ρ(t)r(t)]1−q |W (t)|q
≤ ρ(t)r(t)
pp
ρ ′(t)ρ(t) − p(t)r(t)
p [θMgn−2(t)g ′(t)]1−p, (13)
for t ≥ T . Combining (11) and (13), we have
W ′(t) ≤ −ρ(t)
[
q(t)− r(t)
pp
ρ ′(t)ρ(t) − p(t)r(t)
p [θMgn−2(t)g ′(t)]1−p] , t ≥ T .
Integrating the above, we obtain
W (t)−W (T ) ≤ −
∫ t
T
ρ(s)
[
q(s)− r(s)
pp
ρ ′(s)ρ(s) − p(s)r(s)
p [θMgn−2(s)g ′(s)]1−p] ds.
Let t →∞ in the above and taking the upper limit, we get a contradiction to the condition (C7). The proof is complete. 
If ρ(t) ≡ 1, p(t) = 0, then we have a corollary of Theorem 2 as follows.
Corollary. If the condition (C5) holds, suppose that
lim sup
t→∞
∫ t
T
q(s)ds = ∞, T ≥ t0,
then Eq. (1) is oscillatory.
Remark 2. Corollary 4 in [3] is a special case of corollary in this paper.
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3. Examples
Example 1. Consider the second-order half-linear differential equations with damping
t
2
3

x′(t)
2′ + 1
t

x′(t)
2 + 1
t
x2

t
2

= 0, t ≥ t0 := 2. (14)
Here
r(t) = t 23 , p(t) = q(t) = 1
t
, g(t) = t
2
, n = 2, p = 3, q = 3
2
.
The conditions (H1)–(H3) are clearly satisfied, next, for t ≥ 2 so that∫ t
2
[
1
r(s)
exp

−
∫ s
2
p(τ )
r(τ )
dτ
] 1
p−1
ds =
∫ t
2
[
1
s
2
3
exp

−
∫ s
2
τ−
5
3 dτ
] 1
2
ds
=
∫ t
2
exp

−3
4
· 2− 23

s−
1
3 exp

3
4
s−
2
3

ds ≥
∫ t
2
exp

−3
4
· 2− 23

s−
1
3 ds →∞ as t →∞.
Hence (C5) is satisfied. Now let λ = 3 > p− 1, for all t ≥ 2, then
1
tλ
∫ t
2
(t − s)λ−p
[
(t − s)pq(s)− (q− 1)

λ
q
p
G1−p(s)

1+ (t − s)p(s)
λr(s)
p
r(s)
]
ds
= 1
t3
∫ t
2

(t − s)3
s
− 22(θM)−2

1+ t − s
3s
5
3
3
s
2
3

ds
= 1
t3
∫ t
2

t3s−1 − 3t2 + 3ts− s2−  2
θM
2
Q (s, t)

ds →∞ as t →∞,
where 1p + 1q = 1, G(s) = (p− 1)θMgn−2(s)g ′(s) andM, θ are as in Lemma 2,
Q (s, t) = s 23 + ts−1 − 1+ 1
3

t2s−
8
3 − 2ts− 53 + s− 23

+ 1
27

t3s−
13
3 − 3t2s− 103 + 3ts− 73 − s− 43

,
so that (C6) is satisfied as well. Altogether, by Theorem 1, Eq. (14) is oscillatory. But using any known results, we cannot
obtain the conclusion.
Example 2. Consider the second-order half-linear differential equations with damping
t
2
3

x′(t)
2′ + 1
t

x′(t)
2 + 1
t2
x2

t
2

= 0, t ≥ t0 := 2. (15)
Here
r(t) = t 23 , p(t) = 1
t
, q(t) = 1
t2
, g(t) = t
2
, n = 2, p = 3, q = 3
2
.
The conditions (H1)–(H3) are clearly satisfied. As in the proof of Example 1, we know that (C5) is satisfied. Now let ρ(s) = s,
for all t ≥ 2, then∫ t
2
ρ(s)
[
q(s)− r(s)
pp
ρ ′(s)ρ(s) − p(s)r(s)
p θMgn−2(s)g ′(s)1−p] ds = ∫ t
2
s

1
s2
− s
2
3
33
1s − 1s 53
3  2θM
2
ds
=
∫ t
2

1
s
− 1
27

2
θM
2  1
s
4
3
− 3
s2
+ 3
s
8
3
− 1
s
10
3

ds →∞ as t →∞,
so that (C7) is satisfied as well. Altogether, by Theorem 2, Eq. (15) is oscillatory. But using any known results, we cannot
obtain the conclusion.
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